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a b s t r a c t
This paper studies the coupling effect of the pipeline vibration on the seabed scour. A vertical two-
dimensional model is applied to numerically investigate the local scour below a vibrating pipeline with
different amplitudes and periods. Using the scour underneath a fixed pipeline as a reference, this paper
focuses on the impact of the pipeline vibration on the equilibrium scour depth. Generic relationships are
established between the non-dimensional scour depth and the non-dimensional vibrating parameters,
i.e., amplitude and frequency. The normalization process takes into account the influences of such
parameters as the incoming flow velocity, pipe diameter, and Shields parameter. An empirical formula
is proposed to quantify these relationships.
© 2015 The Authors. Published by Elsevier Ltd on behalf of The Chinese Society of Theoretical and
Applied Mechanics. This is an open access article under the CC BY license (http://creativecommons.org/
licenses/by/4.0/).cWhen an offshore pipeline is laid on the seabed, the original
flow field is disturbed; if the seabed is erodible, the large pressure
difference between the upstream and the downstream sides of
the pipe induces the seepage flow in the sand beneath the pipe.
Once the seepage-induced pressure gradient exceeds a certain
threshold, piping occurs and some sand particles are carried away,
forming a small tunnel underneath the pipeline. As water rushes
through the gap between the pipe and the seabed, the scour
hole enlarges and eventually reaches an equilibrium state. The
formation of the scour hole poses a great threat to the integrity
of the structure, which may lead to either instant failure or fatigue
failure of the pipeline. According to the pipe failure statistics [1],
44.3% of the accidents happened in Mississippi Delta and the Gulf
of Mexico were caused by the free-span development.
Around a fixed pipe, the enlargement of the scour hole has been
extensively studied, in both current [2,3] and wave [3,4] condi-
tions. There have also been some studies on the scour processes
around flexible pipelines undergoing vortex-induced vibrations.
The vibration becomes pronounced when the vortex shedding fre-
quency is close to the excitation frequency of the structure. In the
tests conducted by Tsahalis [5], the pipelinewas placed near a rigid
boundary and allowed to move in two directions to determine the
vortex-induced vibration of the flexibly-mounted pipelines. The
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BY license (http://creativecommons.org/licenses/by/4.0/).results show that the transverse vibration amplitude was much
larger than the in-line amplitude. Hence, it is reasonable to sim-
plify the problem by confining the pipe vibration in the transverse
direction only. Sumer et al. [6] analyzed the influence of pipe vibra-
tion on the scour depth and width. Both the depth and the width
of scour beneath a vibrating pipe were shown to be larger than
those of a fixed pipe. In recent years, more experimental studies
have been carried out to gain better understanding of the rela-
tionship between the vortex-induced vibration and the bed scour
[7,8]. There have also been reports on the two-degree-of-freedom
vortex-induced vibration of offshore pipelines and their influence
on the scour underneath [9,10]. However, few reports can be found
on the scour around flexible pipes undergoing forced vibrations.
The objective of this study is to establish the relationships between
the vibrating amplitude, frequency, and the scour depth when the
pipeline is experiencing forced vibration. To the knowledge of the
author, this relationship has never been studied in a systematic
manner so far.
The numerical model used in this studywas developed by Liang
et al. [11,12], which has since been extensively validated [13]. The
model consists of three parts: a flow model, a sediment transport
model, and a bed morphological model. The unsteady Reynolds-
averaged Navier–Stokes equations govern the fluid flow around
the pipeline, together with the low-Reynolds-number k-ω turbu-
lence model. The sediment transport includes two separate parts:
the bed load, which is assumed to be confined within a bed layer
with a thickness of two times the grain diameter, and the over-
lying suspended load. The well-known Meyer–Peter and Müller
iety of Theoretical and Applied Mechanics. This is an open access article under the CC
98 Y. Luan et al. / Theoretical and Applied Mechanics Letters 5 (2015) 97–100Fig. 1. Computational domain and mesh.Fig. 2. Scour depth development: (a) fixed pipes, (b) vibrating pipe at 350 mm/s, (c) vibrating pipe at 500 mm/s.formula is used to estimate the bed load, whereas the suspended
load is quantified by solving the advection–diffusion equation for
the suspended sediment concentration. The evolution of the bed
is calculated based on the mass conservation of the sediment ma-
terial in control volumes extending from the immobile bed to the
water surface.
These partial differential equations, including the Reynolds-
averaged Navier–Stokes equations, the transport equations for the
turbulent kinetic energy and the turbulent specific dissipation
rate, the advection–diffusion equation for the suspended sediment
concentration, and the bed deformation equation (the so-called
Exner’s equation), are solved with a second-order finite difference
method formulated in a boundary-fitted curvilinear coordinate
system. The curvilinear mesh in the physical domain is mapped
onto the uniform rectangular mesh in the computational domain.
Correspondingly, the governing equations are also transformed
into the computational domain. The mesh in the computational
domain remains unchanged during the whole simulation, whereas
the mesh in the physical domain keeps changing during the
scour. Extra terms in the transformed equations have been added
to handle the moving solid boundaries. The pressure Poisson
equation method is employed to couple the velocity and pressure
in solving the Navier–Stokes equations. An efficient timemarching
algorithm is used to speed up the computation [11].
A panoramic view of the computational domain is shown in
Fig. 1, where D is the pipe diameter. The inlet and outlet are placed
at 20D upstream and 30D downstream of the pipe, respectively.
Thewater depth is 4D, in accordancewith thewater depth adopted
in the experiments [6]. The pipe is initially placed in contact with
the sand bed. To facilitate the scour simulation, a small opening is
introduced beneath the pipe.
The model is first validated against the experiments conducted
by Sumer et al. [6], with a pipe diameter of 100 mm and a median
grain size of the sediment of 0.36 mm. The depth-average flow ve-
locities U in the two separate runs are 350 mm/s and 500 mm/s,corresponding to the undisturbed Shields parameters of 0.048 and
0.098, respectively. The development of the scour depth and the
scour profile are the two main considerations. Comparison of the
scour depth development between themeasured and predicted re-
sults in the fixed-pipe condition is shown in Fig. 2(a). The equilib-
rium scour depth at a larger Shields parameter is deeper by about
30%, and the scour also develops much faster. When the pipe is
allowed to vibrate in the vertical direction, the experiments [6]
show that the vortex-induced vibration is hardly noticeable un-
til the gap between the pipe and the seabed is sufficiently large.
From then on, the amplitude and frequency of the vibration re-
main almost constant. With the incoming velocities of 500 mm/s
and 350 mm/s, the observed vibration amplitudes at the equilib-
rium stage are 0.64D and 0.62D, respectively, and the dominant
frequencies are 729.7 mHz and 826.3 mHz, respectively.
In the vibrating-pipe case, the main numerical difficulty is the
possible collision between the pipe and the seabed. The collision
distorts the topology of the computational mesh, and leads to the
collapse of the simulation. An approximation method is adopted
herein to cope with this problem. The simulation of the scour
under a vibrating pipe is divided into two periods: fixed-pipe
period and vibrating-pipe period. The pipe is initially fixed until
the scour depth reaches a significant value, from which point the
vibration starts at the aforesaid constant amplitude and frequency.
According to the experiments, the vibrating-pipe period starts
200 min after the onset of scour at 500 mm/s and 15 min after
the onset of scour at 350 mm/s. This treatment not only avoids
the collision issue when the vibration takes place over a relatively
shallow scour hole, but also largely reflects the experimental
observation and standardizes the simulation.
The measured and computed time developments of the scour
depth S underneath the pipe center are plotted in Figs. 2(b) and
2(c). A distinct inflection point is observed in the curve with
the incoming flow velocity of 350 mm/s, which is due to the
Y. Luan et al. / Theoretical and Applied Mechanics Letters 5 (2015) 97–100 99Fig. 3. Comparison of scour profiles at equilibrium stage. (a) U = 350 mm/s, (b) U = 500 mm/s.commencement of the pipe vibration at 200 min into the scour.
The vibration causes a steep rise in the scouring rate. However,
this feature is not very clear in Fig. 2(c), which is due to the earlier
commencement of the vibration at higher flow velocity. When the
vibration is introduced at 15min after the onset of scour, the scour
depth has already been around 0.7D and it is still increasing rapidly
at this stage. Although the pipe vibration enhances the scour, it is
not enough to produce an apparent change of scouring rate.
The predicted and measured equilibrium scour profiles at two
flow velocities are compared in Fig. 3. Each figure includes the
fixed-pipe and vibrating-pipe results. Although the numerical
model tends to slightly overestimate the scour depth directly un-
derneath the pipeline, the predicted shape of the scour resembles
the measured profiles well in all cases, particularly the upstream
part of the scour hole. When the pipe vibrates, both the width and
depth of the scour are clearly enhanced.
As shown in Figs. 2 and 3, both the scour depth development
and the shape of the scour hole are well captured, demonstrat-
ing the capability of the model. The relatively large discrepan-
cies in the downstream part of the scour hole can be mainly
attributed to the inability of the numerical model to fully capture
the complexity of the wake vortices. For example, the flow in the
wake is actually three-dimensional at high Reynolds numbers, but
the present model is only two-dimensional. A parametric study is
then conducted concerning the vibration amplitude and frequency.
The amplitude A ranges from 0.1D to 0.8D, and the vibration fre-
quency f ranges from 0.1 Hz to 4.0 Hz. The vibrating amplitude
can be straightforwardly non-dimensionalized by the pipe diam-
eters A∗ = A/D. The vibration frequency and the scour depth are
normalized in the following manners to integrate the results with
different parameters. The normalized frequency is f ∗ = fD/U .
The various amplitudes and frequencies form a total of 128 com-
binations in the parametric study. Intending to acquire a generic
formula that is applicable to the scour with different undisturbed
Shields parameters, the equilibrium scour depth is normalized as
S∗max = Smax/Smax0, where Smax is the final scour depth of a vibrat-
ing pipe, and Smax0 is the corresponding final scour depth when
the pipe is fixed. According to the verification cases illustrated
before, Smax0 takes the values of 0.57D and 0.73D at the depth-
averaged velocities of 350 mm/s and 500 mm/s, respectively. A
two-dimensional depiction of the relationships between S∗max, A∗,
and f ∗ is presented in Fig. 4. The two families of curves correspond-
ing to the two flow velocities follow similar trends after normaliza-
tion, which allows the two sets of results to be integrated.When f ∗Fig. 4. Scour depth variation with frequency and amplitude. (a) U = 350 mm/s,
(b) U = 500 mm/s.
is smaller than 0.3, S∗max is highly sensitive to both f ∗ andA∗. At high
frequencies, however, S∗max is seen to be only weakly dependent on
f ∗, implying that the vibration amplitude plays the key role in de-
termining the scour depth.
An empirical formula is fitted to the computed results based on
the least-square principle to quantify the integrated relationship
between S∗max, A∗, and f ∗. The final result is
S∗max = 1.0+ 1.3213A∗0.9047f ∗0.3501. (1)
A constant of 1.0 is introduced on the right hand side, because the
equilibrium scour depth should return to the value of the fixed pipe
at zero amplitude. From Eq. (1), the sensitivity of the parameters
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Fig. 6. Two-dimensional depiction of the fitted formula.
A∗ and f ∗ can be deduced. Both their exponents are smaller than 1,
suggesting that the increase rate of the scour depth decreases with
the increase of A∗ and f ∗. The exponent of A∗ is larger than that of
f ∗, signifying that the influence of f ∗ is more significant when it is
relatively small. As f ∗ gets larger, its importance diminishes, and
A∗ exerts a bigger influence on the scour. It is expected that this
empirical equation can be extended to other situations when all
the variables are normalized in the fashion proposed in this paper.The fitted surface defined by Eq. (1) is presented in Fig. 5,
with the calculated results displayed as the scattered points. It can
be seen that Eq. (1) fits the calculated results well, especially at
higher frequencies. When frequencies are small and amplitudes
are large, Eq. (1) slightly underestimates the scour depth. The
fitted relationship is overlapped with the calculated data at
typical vibration amplitudes in Fig. 6, which further confirms the
appropriateness of the proposed equation.
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